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llSE OF A PJ\SS!VE STAI3LE SJ\TELIJTE FOR 

EAH.TIJ-l'J lYSICS APP LlCATIONS 

Final Heport 

l. INTRODUCTION . 

The mission of LAGEOS (LAser GEOcletic S:1tellite) is to make possible maximum.

accuracy range measurements for both geometric and orbital-mode determinations of 

positions on the earth. Tlie first spacecraft dedicated exclusively to laser ranging, it 

will provide the first opportunity to evaluate satellite laser ranging that is not degrnded 

by errors originating in the target satellite . 

The ic.le:1 of orbiting a compact spherical satellite for laser ranging had been dis

cussed at le:1st as early as the first successful satellite laser observations, in 1964. 

At tl1i1t time, it was known that substantial improyements in satellite-tracking accu

racies would require some means of attenu:iting the effects of atrnosphe1ic drag and 

solar photon pressure; one obvious way to do this would be to use a very dense spherical 

satellite . Even in 1964, the accuracy of laser tracking instrumentation was high enough 

to make this concept very attractive. 

A strong motivation for attaining orbit accun .cies of 10 cm or better emerged 

from :i. seminar on Solid-Earth and Ocean Physics convened by the National Aeronautics 

:me! Space Administration (NASA) at WHliamstown, Massachusetts, in August 1969 

(K:1ul:1, 1!)70). The geophysicists at this seminar suggested that satellite techniques 
;-

he applied Lo the measurement of cntst:11 motions, both on a glob::tl scale and in some-

what more clctajl in active fault zones. It was sl:ltco that, with sufficient accuracy, 

this new information would have a profound effect on our knowledge of solid-earth 

dynamics :incl on earthquake research. 
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.> • Jn l!l'lll, SmW1soni:m Astrophysk;il Oliscn ·:1lot31 (SAO) i;t:irlccl :-m cx:1min:1Lion of 

ll()w ::.tll'h :t ~;:lfC'tlilc might be conri.g11 t·ccl. This slucly w.is accelerntcc1 when Dr. John 

De Noyer (:it !11:1t limo, the NASA IJcaclqnartcrs Director of Earth Observation Pro

g1·arns) in.formed SAO that a launch -vehic le kst flight of a Saturn IB rocket was under 

con s idcr:ition anu that a heavy pn.ssive sntellite would be an ideal hitchhiker for this 

·launch. Accordingly, SAO designed ~1 76-·cm po-inch) diameter, 3600-kg (8000-lb) 

satellite configured to the Sat-urn IB capability. Not surprisingly, this satellite 

8Cl1Hircd the name 11Cannonball," eve n though the Air Force had already launched 

several s:i.tellites (for atmosphe1ic probing) ,vith this same name. 

SAO submitted a proposal to NASA for a Phase I st-udy of Cannonball in October 

* 1970, for which this document is the final report. A Cannonball briefing was given 

hy The Manned Space Flight Center (rVlSFC) and SAO to the NASA administrator, 

Dr. James C. Fletcher, in March 1971. At that time, NASA decided that the Cannonball 

launch could be justified only if it \Vere incorporated in a formal NASA program. \Vhen · 

the Saturn test launch did not mate1ialize, the Cannonball configuration was shelved. 

Du ring this s~une period, a progrRm plan for an Earth and Ocean Physics Applica

tions Prog-rarn (EOPAP)'t was being <leYelopect at NASA Headquarters (SAO participated 

in this ;ictivity) . The Cannonball concept is retained in EOPAP, but the satellite name 

has been changed to LAGEOS and a Delta vehicle is now specified'. 

SAO has completed its design studies for the Delta-launched LAGEOS, and the 

final spacecraft configuration is defined in this report , which was delayed for that 

c:;,..1>rcss purpose . The LAGEOS configuration described here is optimum, in that it 

has ilic maximum mass-to-area ratio feasible with the specified launch vehicle but is 

still large enough to allow initial orbit acquisition with the Baker-Nunn cameras and 

subsr~quent tracking by existing laser systems . 

;-

TJ1e two salknt characte1istics of LAGEOS are the accuracies it will make 

possible - viz. , ± 2-cm station-position accuracy - and its great simplicity and ease 

of follricaiion. Table 1 describes the final LAGEOS configuration. 

* 
l)roposed to NASA for Using a Passive Stable Satellite for Earth-Physics Applications 
(Cannonball), SAO Proposal P 277-10-70. 

tEirth and Ocean Physics Applications Program, NASA Headquarters, September 
J 972. 
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Table J. LJ\GEOS Parameters . 

S:1tcllitc Configuration 

Shape: 

Radius: 

Mass: 

Mass-to-area ratio: 

Exterior sui1'aee 
(excluding retroreflectors): 

Material: 

Retroreflector Cube Corners 

Circular front face: 

High-purity fused silica 

Dihedral angle: 

No reflective coatings 

No antirelection coatings 

Total number: 

Orbit Parameters 

N oclal pc ri od: 

Inclination: 

E ccentiicity : 

Nominal altitude : 

Sphere 

22 cm (17. 3-inch diameter) 

680 kg (1500 lb) 
-2 4470 kg m 

Aluminum, diffuse at thermal 
wavelengths ("" 10 µm) 

Depleted uranium (U238) 

3. 65-cm diameter 

90° + 1. 75 ± O. 5 arcsec 

240 

166 ± 2 min 

90° ± l 0 

0. 020 ± o. 015 

3700 km (2000 nm) 

The .satellite design is now complete. Detailed optical, mechanical, and thermal 

nn:1lyses have been perfonned, together with comprehensive studies of the influence 

of various spacecraft parameters on the range measurement§". LAGEOS could be 

re:icly for launch within 12 months. This short lead time is based on the fact that 

LJ\C 1;:os is actually quite an easy satellite to build, for several reasons: standard 

m:1cJ1i11in;~ and ~1ssembly tolerances exceed the needed accuracies; the cube-corner 

specifications arc well within the slate of the art; and the satellite is passiYe, has a 

srn;1ll number of components and no mo, ,ing parts, and is made of simple and available 

materials. 
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LJ\GEOS will make available for the foreseeable future an in-orbit capability for 

b _scr ranging of rnaximmn accuracy. The hi~h ma ss-i o-a rea ratio c-1ncl the precise, 

sblJlc (attilude-inclcpcndent) geometry of the spacecraft, in concert with the proposed 

orbit, will make this satellite the most precise position reference avr,ilable. Because 

it will be visible in all parts of the world and will have an m .. ---1:ended operat ing life in 

orbit, LAGEOS can serve as a fundamental global standard for decades. It will consti

tute :m important firsl step in the EOPAP. 

-
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2. LAGEOS MISSION 

EOPAP requires a satellite range-measuring accuracy of 2 cm, in accord with 

. one of the principal recommendations of the Williamstown shldy (Kaula, 1970): that 

NASA develop techniques for obtaining relative positions of points on the earth to that 

accuracy. A simibr recommendation was made by the Space Science Board (1971): 

that solid-earth physics "would require location accuracies on the order of± 2 cm in 

a program lasting decades .... " 

Range measurements with 2-crn accuracy will be used to accomplish many of the 

EOPAP objectives, such as the determination of plate tectonic motions, regional fault 

motions, the rotation and wobble of the earth, and earth-body tides. These objectives 

· must be attained by measuring the variations with time of tbe internal geometry of a 

global matrix of fiducial points on the earth's surface, of the fiducial points with 

respect to the earth's center of mass, and of the mahi...'C with respect to an inertial 

reference. These kinematic variations are lmown to have time scales ranging from 

a clay (c. g., body ticl_cs) to millcnia (e.g., continental drift). 

Wkit is needed, then, is a means for making exceedingly accurate measureinents 

on a global basis in such a way that first, each position on the globe can be related to 

all others and to the earth's center of mass; second, complete sets of observations 

c:m be obtained in less than a day; ancl third, continuity of observations is maintained 

over the longest possible time span. The first two considerations clearly suggest the 

use of a satellite in n high-inclination orbit; the third suggests that the satellite be 

passiYc. A satellite fitted with laser retrorcflectors is an appropriate chojce. The 

l9G7 -GS National Academy of Sciences (NAS) swnmer study recommended that such a 

satellite be included in plans for the United States space effopt: (Doyle, 1969) (the NAS 

p:mel discussed this satellite under the heading GEDY-4). 

A satellite that is optimum for EOPAP kinematic measurements should have the 

following· characteristics: 

5 
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A. Such a satellite should have the maximum feasible mass-to-area ratio in order 

to reduce perturbations caused by nongravitational forces (mai nly radiation pressure). 

B. The satellite should be compact and rigid for maximum stability of spacecraft 

gcomct1-y. 

C. It should be spherical so that the geometi-y of the retrorefl ect or array versus 

the spacecraft center of mass will not change with aspect. The spherical shape is also 

necessary to minimize errors in computing corrections for radiation pressure and 

drag. 

D. A completely passive satellite is ·desirable in order to attain maximum operat

ing life. The satellite will be acquired by camera (by photographing reflected sunlight 

against star background) and will be equipped wi'th retroreflectors for ranging with 

ground-based lasers. 

E. The orbital altitude should be high enough to reduce to an acceptable level 

orbit errors resulting from uncertainties in geopotential models. 

F. Its orbital altitude should be low enough to provide good signal-to-noise ratios 

with a retroreflector array of reasonable dimensions. 

G. The inclination of the satellite should be high enough to provide global cover

age. 

6 
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3. LAGEOS ACCURACY REQUIREMENTS 

Consideration of the EOPAP objectives clearly substantiates the recommencla

·uons of the Williamstown study and the Space Science Board for accuracies of± 2 cm. 
-1 

The simple foct that secular motions as slow as 1 cm yr arc important to the pro-

p;rm11 in itself confinns this need. The facts that each ground station in the program 

will be subject to the complex motions of earth rotation, polar wander, tectonic and 

fault motions, etc. , and that the motions resulting from each phenomenon must some

how be sorted out before the observations can be fully eA'l)loited, emphasize further . 

the need for this level of accuracy. 

One of the more important factors in designing LAGEOS is the error that the 

satellite itself is allowed to contribute to the 2-cm total of the laser observations. To 

establis h a design goal for this satellite error, we must estimate the magnitudes of 

the errors contiibuted by other sources - that is, we must formulate an error budget 

that a11ticipatcs the future state of the art in laser ranging. Although predictions of 

this kind are always somewhat uncertain, we believe the following are reasonable 

c~'l)eciations for 5 to 10 yr from now: 

Tropospheric-propagation 
velocity tincertainties 

Laser 

Pulse detection 

15 nun 

10mm 
Range counter 5 mm 
Cables, mechanical, calibration-

target survey, calibration 
propagation velocity, etc. 5 mm 

Epoch (time synchronization) 5 mm 

Satellite 5 mm 

Root sum square 20 mm 

The iibove values arc based on an assumption that some portion of the err ors is uncor

rcblcd, or not systematic over time intervals of the order of a LAGEOS pass, so that 

7 
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Lhis purtiun c::m be reduced by :-iggreg-ating son-te number of pulses. For cxmnp]c, 

a pur~ly r:mctom range-counter error of± O. 1 nsec can be reduced to 

0. 1 X 1/{ITfO == O. 01 nsec = O. 15 cm by averaging over 100 pulses. 

8 
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4. LAGEOS ORBIT 

1 n the calculation of station positions for the 1969 Smithsonian Standard Earth (II) 

(SE Il) (Gaposchkin and Lambeck, 1970), geometric and dynamic solutions were used 

in combination lJecn.use the combined solution was superior to that obtained from either 

method hy itself. The use of both techniques is of further importance because a com

parison of the results obtained independently by each method provides a unique check 

of accuracy. In addition, we should like to exploit both the accuracy of geometiic 

solutions and the inherent (earth) center-of--mass coordinates of the dynamic method. 

We have applied this dual approach to the choice of orbit and to the design of the satel

lite. 

The central problem in designing LAGEOS is to find the best compromise among 

throe competing factors: orbital altitude, mass-to-area ratio (and, therefore, payload 

weight), nncl launch-vehicle capability. The LAGEOS mission will require orbit deter

mination to unprecedented accuracy, which will be achieved only by making a strenuous 

effort to control orbit perturbations. In terms of satellite design, the latt er can be 

accomplished by three means: adjusting the orbit (primarily the satellite altitude), 

reducing the satellite accelerations produced by surface forces by increasing the mass

to-area ratio, and configuring the satellite to improve the accuracy to which perturba

tions can be computed (spherical shape and stable surface characteristics). 

Some, though not all, orbit perturbations can be reduced by increasing the orbit 

:11Utucle, as discussed in detail in Sections 4. 2 and 4. 3. However, all the perturba

tions excep t the gravitational one can be reduced by increasing the mass-to-area ratio, 

which suggests lowering the orbit altitude to allow more satellite weight. Also, the 

return-signal strength is strongly attenuated by increasing range (R- 4), which implies 

ihal the orbital altitude should not be any higher than necessary. Furthermore, the 

ratr, al which information is generated usually increases as the mean motion - and 

therefore the number of passes per day - increases, which also suggests a lower 

altitude. 

9 
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The py opo secl s atellite si ,,;c, mas s, and orbit a r c bel ieve d to be th e bes t com

pr omi se amon g the se seve r al conD ic tin g fac tor s; a com pr omi se 1.h:1t is 8l so compatib le 

wHh I.he capability of the launch yehiclc now ,is s ign ed to LAGEOS. We will di s cuss 

the various factors that impinge on the choice of orbit and pr e sent e sti ma te s of the 

orbit errors that result from uncertainti e s in the forces acting on LAGEOS. 

4. l Orbit Requirements for Geometric Position Deter m ination 

Geometric s olutions are determined through trigonometric cal culations ba sed on 

simultan eous observations of a satellite from two or more gr ound stations. Geometric 

solutions with range measurements are sometimes thought to require simultaneous 

observations from four ground stations, but this is not neces sary if a sequence of 

measurements is made over a common satellite arc from each of two st ations. 

Although the observed segment of the satellite orbit must be u sed in computing relative 

st ation positions, orbit errors ha ve very little influence on the computed positions 

because they are common to the observations from each station. An analogous approach 

has been used successfully for s everal years with the TRANSIT system, which utilizes 

rangc-clifference observations. Error amplific ation in computing st ation positions 

from a single satellite pass observed from two stations will generally be unacceptable. 

However, this impediment can be removed by using two or more such passes with 

differing geometries in each determination. This requirement is quite compatible 

with the EOPAP mission criteria. We can also include in this category quasi

simult:meous observations by using short arcs of the satellite trajectory if the arcs 

either partfally overlap or are close enough that orbital errors do not signific antly 

influence the results. This independence of orbital error and the attendant indepen

dence of geophysical assumptions constitute the main advant ages of this method. In 

addition, the direct geometiic approach is conceptually straightforward, and the 

computations are quite reliable. 
,,_ 

One obvious requirement for any orbit (for both geometric and dynamic methods) 

is that it must be visible from all observing sites of interest. EOPAP must include 

:111 bnc.1 areas. For reasons of accuracy, we should stipulate further that the mini

rnum ·elcvation angle used in observing the satellite should be 15°. If we assume that 

approximately 50 global sites might be occupied during the course of EOPAP, the 

10 
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:1,l 'l':1g-c· sq,ar:lliun of :1dj:1ce11l siies would h(~ jusl un1k1· :l0° (p;rt>:tl circle) , sugg·csli11g

:1 s:lf<'llill' :1lt.itudr'. of :1houl 3000 km . A gro11ml-: -d;1tion nd work for lhc EOPJ\.P c:mnot , 

o[ cour::v, he uniformly distributetl over the earth, :1ncl e,en H, ~i s seems probable, 

thl ' 1111111lie 1· of sit:CR exc<)ecls 50, U1crc will be some insta nces where Lhe separation may 

c·xcce<i G0° - c. f(., in connecting the southen 1 tip o[ Africa with t11at of South America. 

·lfowc n :r , since the proposed sate llite will provide very accurate' solution s for station 

positions when usecl in the dynamic or the orbHal mode, it is not essential that we 

pro, ·iclc for simullancous observations in every cnse. 

\Ve conclude that a sateliite altitude 3000 km or higher should be suitable. 

,1. ~ Orbit Requirements for (Dynamic) Orbital Position De term ination 

In dynamic solutions, separate observations made from sites in all geographic 

·areas within view of the orbit are related by orbital mechanics, so there is no neces

sity for simult~rneous observations. Thus, we can relate the positions of ground 

stations· with any geographic s eparation without the need for imposing mutual-visibility 

requirements on the orbit. Since station locations are calculated with respect to the 

orbit, they arc nutomatically dQterminec.1 in earth centei·-of-mass coordinates. W11en 

combined with a geometric solution, the dynamic solution will also control and limit 

the error amplification inJ1erent in the step-by-step extension of a geometric net. 

An orbiting satellite intrinsically defines an inertial system. It is coupled to 

the earth through the earth's gravity field and, to a much lesser tlegree, through the 

. e:nih's atmosphere; but with an appropriate choice of orbit, the influence cif coupling 

of the orbit can be calcubted to 1·ather high accuracy, particularly for orbital arcs 

less than :rn cbys or so. This inertial chu.rncter of the satellite enables us to use 

dynamic solutions to determine rigid-body motions of the earth, such as rotation (UT 1) 

and polar motion. The principle has already been demonstn{ted by J\.nderle and 

Bcuglass (J 970) in their determination of polar motion from satellite doppler measure

ments. It should be noted that geometric solutions provide no information on these 

ph e nomena, ::;ince the internal geometry of the ground-station network is invariant 

ll))(ler rot:ltion and translation. 

.. -
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Sinc: c~ the s:,L<"11i lc orbit i s 1J1c co nnecting link in relating s tat ion positions to each 

oth(.; 1· aw l to an inertia l fr am e, W1ee 1t: linlies in or bit eomp utat ion arc propagated into 

1"110 dyn :1rnie s oluti ons. lLambeck (J 971) has examined the effects of orbital errors 

:md d:1ta acc urac y on the deterr n ination of polar motion through l aser observations of 

s :1Lcllites, incl llcling LAGEOS.] This point has been the most important consideration 

in our ch oic e of orbit and spacecraft design. Two factors must be considered: the 

nceura cy t o which the forces acting on the satellite can be calculated, and the extent 

to which or bit c rrors impede the filtering processes used to elicit the parameters of 

inte r est , such as when characteristic pe1iods of the errors match those of the 

parameters. The orbit parameters that can be adjusted to control these effects are 

prirnarHy alti tude and inclination. 

TJw orbital altitude provides the greatest degree of control. The three forces 

that significantly influence satellite trajectories are gravity, atmospheric drag, and 

photon pressure. (Only uncertainties in the earth's gravity field need be examined 

because the gravitational forces exerted by other bodies - sun, moon, and planets -

can be calculntccl a priori to sufficient accuracy.) Orbital errors arising from gravity 

:-ind drng ca n be reduced by increasing satellite altitude. Errors a 1ising from photon 

pressu r e can be reduced by increasing the mass-to-area ratio. 

Two a spects might be considered in nn examination of orbital errors caused by 

in :te~ur :1cics in our knowledge of the earth's gravity field: the absolute value of the 

ficlcl and its structure. The former is contained in the constant GM. Errors in GM 

arc de coupled from and have no practical influence on the accuracy to which other 

c:irth-phy s ics parameters can be determined. 

The structu r e of the gravity field raises more complex problems. A basic tenet 

is that the orbital c1ltitudc must be adjusted in order to avoid, as much as possible, 

::ill re sonance s with the geopotential, both becau se the magnij;u des of the physical 

pertu rbations arc very much larger under reson ant conditions and because, in order 

to minimize problems of aliasing, we must suppress perturb ations that have periods 

c omm e ns urate with the _earth's rotation. Thus, we should avoid sa tellite altitudes 

tJ1:1t i·cs ult in mean motions of exactly n or n + 1/2 revolutions per day, etc. 

12 
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A s ide from t·csona nt eff e ct s , or bit per h1rh;1tions c :-i.used liy gcopote ntial stn .1cture 

:-i 1·1; att e nuated uy increasing s:-i.tcllite altitude. This is a selectiv e process, in that 

the e ffects of short-waYelength fe atures in th e gcopo tcntial fall off more rapidly wi th 

:1ltH11cle thc1n do those of long-wa velength te rms. We have calculated the magnih1des 

o[ tJ1csc effects for each term in an e}.'J)ansion of the ge opotential in spherical har

monic.:s np to 20, 20. The results are c:,.._'J)rcssed in terms of s ensitivity coefficients 

(or i n.tluence coefficients) for each harmonic of degree 1. and order m. 

The most effective touchstone for es timating geopo tential e ffects is a comparison 

of the sensitivity co efficients for a projected orbit with those for an orbit that has 

been tracked to some l~nown accuracy. We have selected the GEOS 1 orbit as a stan

cbnl, since it has been one of the most intensely and most accurately tracked satellites. 

On the basis of extensive computations, we estimate that the GEOS 1 orbit error 

resulting from geopotential errors in SE II does not exceed 10 m. For example, in 

carefully tr:1ckccl orbital arcs up to 4 weeks in length, it has been possible to fit laser 

rnnge cfata to 1111s residuals of about 7 m. Using the sensitiYity coefficients to extra

pol:lte to the prop os ed LAGE OS orbit, we estimate that the contribution of the geopoten

tial error to this orbit should not exceed 50 cm (based on SE II). 

The S-crn nccur:-icy requirement cannot be met for the proposed LAGEOS orbit 

without improvement in the accuracy of gravity-field models. There is no question 

o( the feasibility of tl1e needed accuracy improvement, n.nd indeed the 10-cm geoid 

required in EOPAP for other applications will more than satisfy the needs of LAGEOS. 

We conclude th:-i.t, with the improvements in the geopotential planned as part of 

EOPAP, (geopotential) orbit errors for LAGEOS will be reduced to the required levels 

for orbits at altituclcs of 3700 Jen or higher. The proposed orbital parameters for 

LA.CE OS foll ow: 
;-

'f "' .lGG min= 1/8. 65 sidereal day 

= 90° 

e 0 = 0. 02 

'l'he:::;e par:unel.crs result in an average altitude of roughly 3650 Ian. 

13 
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OLher or bit al alt itu des h ave !)ecn considered for LAGE OS. T able 2 li sts some 

that ~:itidy the conf li1 ion t hat r cson:mce:s be ayoidcd . Als o incl uded are th e payload 

weighl s for the TAT(9C)/Dclta/ TE 364 la unc h ve hi cl e at each altitude and the relative 

ampl itud es of th e orbit pe1tur hations cau sed by di rect sol a r and earthshine photon 

p ress ure. Th ese relative am pli tud e s, nor rnalize d to tmit y for the proposed LAGEOS 

· orbH, have bee n clc1.ived und e r the as smnpt i on that the spacecraft size is adjusted 

for en ch oruit to correct for the R - 4 range altcn uat ion, s o that the same echo str ength 

is · oht~unecl in each orbit at 30° eleva tion. 

Table 2. Alternative LAGEOS orbits and payl oad wei ghts for the TAT(9C)/Delta/TE 364 
launch vehicle in polar orbits. · 

Relative magnitudes of 

Orbit Payl oa d 
orbit perturb ations 

Orbit altitude weight Direct · 
(rev/sidereal day) (km) (kg) solar Earthshine 

8.55 3720~ 680 l. 0 l. 0 

7.55 4600~ 600 2.9 l. 9 

G.55 5690 <:-- 500 9.3 - 3. 8 

5. 55 7100 440 33 7.9 

4.55 9000 390 120 14. 8 

3.55 11800 320 600 32 

Since orbital errors caused by inaccuracies in the geopotential model should be 
. . 

r cclucecl to ac ccpt :1.ble levels for an orbital a lt itude of 3700 Jan clu1ing the course of 

EOPAP, there appears to be no reason to go to a higher orbit, where the more 

intractable photon-pressure effects are sharply increased. 

In addition, greater mean motion at lower orbital altitucfus results in more satel

lite p:1.sscs per clay at each s'tation. Since e ach pass is an independent data set, better 

r es ult s are obtained with more passes. For exam ple, with the proposed orbit, a 

rn id latHude st:lii on will have :m ·average of six pa sses with 20 ° or higher elevation 
. . 

angles each day, with both northbound and so uthbound (satellite motion) passes, with 

pa ss es both to the east and to the west of the station, and with a variety of elevation 

--
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~inglcs. This varintion jn pass geometry v.rill sig11ificantly reduce the influence of 

orlJih l error s. 

4. 3 Nong:ravitational Orbit Perturbations 

Tlw nong-raYHational forces acting on the spacecraft are photon pressure, atmos

pheric clrag, and micrometeo1ite impacts, in order of decreasing magnitude . Inter

actions of the paramagnetic body of the satellite with the earth's magnetic field, and 

the effects of the accumulation of electric charge on the satellite, have been calculated 

and arc not sjgnificant. · 

The disturbing force f produced by incident photons on a satellite with cross sec 

tion area A is 
C 

I f = KA 
CC 

where K is a constant that depends on the reflecting properties of the surface, and I 

is !:he intensity of th~ incident light. For total absorption or specular reflection, 

K 0
·- 1. O; for a diffuse surface, K = 1. 44. We will set K = 1. 22 for our satellite since 

tho surface is roughly half diffuse metal and half cube corners. 

The intensity of direct sunlight - the solar constant - is known to about 1%. We 

will adopt the value (from Drummond, 1970) 

-2 6 -1 -2 
I= 135. 7 mw cm = 1. 357 X 10 ergs sec cm 

so that 

a= J:. = 5. 5 X 10- 5 Ac cm sec - 2 
m m 

For the proposed satellite, 

A = 1S21 cm 2 
C ' 
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'> m = 6. 8 X 10' g 

so the force exerted by direct solar photon pressure is 

f = O. 084 dyne 

ancl 

· -7 -2 
a = 1. 2 X l O cm sec 

Direct solar photon pressure will produce orbital perturbations with a period 

equal to that of the orbit. The amplitude of the :fundamental frequency component of 

this perturbation is greatest when the sun line is in the orbit plane and has been cal

culated, by usjng the acceleration noted above, to be about 10 cm peak to peak for 

LAGEOS. The solar constant is known to 1% and is believed to be constant to within 

O. 6%, so the favorable geomehy and surface characteristics of LAGEOS should, 

conservatively, allow this perturbation to be calculated to much better th311 10%. 

Therefore, the uncertainty should not exceed l cm. 

Other JX!riodic perturbations are produced by direct Slmlight - e.g., the harmonics 

of the (fundamental) orbit frequency - but their amplitudes arc small. There are also 

long-pc1iod (e.g., perigee period and nodal pe1iod with respect to the sun) as well as 

secular components of the solar photon perturbation. Hmvever, solar photon pressure 

generally tends to cancel in a near-circular orbit when averaged over a full revolution, 

so the magnitudes of these effects for a satellite with a high mass-to-area ratio are not 

excessive. These perturbations have not yet been fully analyzed, but rough estimates 

inclicatc that for a 21-hr arc, the magnitudes do not exceed,J.O cm for LAGEOS. This 

can also be computed to better than 10%. 

Unlike direct solar radiation, earthshine is variable in magnitude and roughly 

constant in direction relative to the satellite velocity vector. Thus, the effects on the 

orbit do not bal ance out but tend to be cumulative. The average planetary albedo has 
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bocn ,·:ll"iou~ly cslim atcd to he ~:o to 1 0% (cloud cover, auout 50% or higher; and ground 

;rnd a1 n1osphcrc , :ibout 20%). The comhilwu albedo and thermal radiation from the 

earth will thus exert a force that will vn_ry in both intensity and direction as a function 

of time arnl geography. 

Tho earth is very nearly in overall thermal equilibrium , so the total energy 

reilccled or reradjated is equal to the jncident sunlight. Thus, the average energy 

fltLx density through a spherical surface concentric with the earth and at the LAGEOS 

altitude is 10% of the_ direct solar-energy density at the earth. However, earthshine · 

will exhibit wide geographic and day-night va.1iations, which can be as large as 20% 

of direct sunlight. 

We estimate that earthsine can produce orbital perturbations as large as 40 cm 

or so in a 24-hr arc of LAGEOS. We should like to reduce the orbital error caused 

. by earthshine to less than 10% of this value. A direct approach would be to increase 

the rn/ Ac of the satellite, hut a substantial increase would be quite difficult to attain 

bcc:-tusc a much larger launch vehicle would be required. Another means of reducing 

this error would be to increase the orbital altitude. However, a rather large altitude 

jncreasc would be needed to effect a significant reduction, and again, a larger launch 

vehicle would be necessa1y to maintain a constant m/A . The best recource is to 
. C 

model this force as carefully as possible, obtain cloud-cover clata from meteorological 

satellite observations, and then calculate these forces after the fact. It is not clear 

just how accurate such calculations will be, but a 10% correction seems feasible and 

wHl result in acceptable orbit accuracies if the satellite m/ A is large enough. 
C 

The required mass-to-area ratio can be estimated in the following way. We set 

the required orbit accuracy at 5 cm for a 24-hr arc and note that the orbit error 

os = _! oa t 2 
= 3. 7 X 109 oa 

2 

Jf the c:-trihshinc variations arc ± 10% of the direct solar photon flux, and if earthshine 

can h9 modeled to an accuracy of± 10%, then 
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-7 l -2 o::i. ,.: 1% of clircct solar= 5. 5 X 10 X rn/A cm sec 
C 

q -7 l os == 5 cm= 3. 7 X 10' X 5. 5 X 10 X m/A , 
C 

m 2 -2 3 -2 A = 4 X 10 g cm = 4 X 10 kg m , 
C 

and we establish a requirement that 

Station-position errors resulting from earthshine orbit perturbations should not 

cxhiliit a completely systematic bias in any one direction for all satellite passes. With 

a set of data comprised of a balanced mThture of day and night passes, northbound and 

southbound passes, and passes to the west and to the cast of the station, all with vary

ing p:1.ss elevation ~mgles, a 5-cm (earthshine) _ orbital error will result in an error in 

computed station position of less than 2 cm. 

LAGF.OS will absorb some 60 to 70 w of incident solar radiation and earthshine, 

depending on how much of the orbit is in the earth's shadow. The reradiation of this 

absorbed energy will also exert a force on the satellite. The net force acting to per

turb the satellite trajectory will depend on the asymmetry of the reradiated flux, and 

the ]alter in turn will be determined by the variations in temperature and emissivity 

over the s:itelbtc surface. 

Under equililnium conditions when illuminated by the sun, the satellite core will 

hayc an :1Ycr:1ge Lempcraturc of about 265 K, with a gradient across the satellite of 

:i0 c. · The rctrorcflectors facing the sun will be at 277 K; those facing space, 249 K; 

:md those facing the earth, 261 K. The retroreflectors, with an emissivity of O. 85, 

18 



1 .. · will rC'r:1rliatc ~omc two-thirds of the absorbed energy ; :md the diffuse aluminum 

snrfocc, with an emjssivity of O. 34, will rcradi:-i.tc about one-third. Th e unb alance in 

t11c flux radiated by the cube corners will be about 8 w, and that for the al mnimu n 

surface :nea, much less than 1 w. These two unbalanced photon fluxes wil l result in 

:-i. net force on the satellite of roughly O. 00:3 dyne, or about 4% of the force of direct 

sob r radiation. It should be noted that this force is not strongly influenced by orbital 

nltituclc and that the satellite acceleration produced (5 X 10- 9 cm sec - 2 for LAGEOS) 

can be controlled only by maintaining a large mass-to-area ratio. 

Unc.:erl.ainties in the force exerted on the satellite by photon pre ssu re will be the 

limiting factor in the accuracy of computed LAGEOS orbits. The only positive means 

of reducing this error are to make certain that the satellite's surface reflectivity and 

geometry are symmetric, known, and stable and to increase the satellite ·, s mass-to

arca ratio to the highest possible extent. 

The force exerted by atmospheric drag can be calculated from 

Cd 2 
f = -A pv 
d 2 C 

\Ve wjll ,issume Cd= 2 and v = satellite orbital velocity= 6. 3 km sec -l Jacchia 

( L 970) t~1bulated values of atmospheric density p for altitudes up to 2000 km . We have 

plotted his values of p and e>..1:rapolated "by eye" up to an altitude of 3700 km for 

~ exospheric temperatures of 850 and 2000 JC These temperatures correspond to mini

mum and mnximum air densities, respectively. We obtained the results shown in 

Table :3. Although our estimates of air density at this altitude are somewhat uncertain, 

' 
1 · 
I 

I . -
I 
I 

I 

I 

it appears that ahnospheric drag will not have any significant infhience on orbit 

nccu1·ncy. 

,,,. 
A rough estimate based on the extrapolated ahnospheric densities shown in 

T:-i.JJlc 3 yields an orbital lifetime for the proposed satellite of more than 10 million 

years. 
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'1':1hln :i. Ei:;tim:.il .l\d 11i:1g11itudctJ of nonp;r :1vit:itionnl perturbing force ~ :nul 
rosultinr; :1ccd cration s for :i sp l1cric:i l srttcllit.c with a nrnss-to
nrca ratio of 1000 kg m-2 in a circular orbit of 3700-km alti tude. 

Sour ce of 
Acceleration 

-9 -2 
perturbation (X 10 cm sec ) · 

Direct solar photon pressure 0.084 120 

Earth albedo and thermal variable up to 30 
radiation up to O. 02 

Unbahrncecl satellite 0.01 12 
re radiation 

Atmospheric drag IX 10- 5 to O. 01 to 0. 4 
4 X 10- 4 

Micrometeorite impact 2. 4 X 10- 6 0.004 

llsing the data presented by Whipple (1968) for the cumulative impact rates of . 

meteoritic material on a sphere near the earth's orbit and integrating the curve shown 

in Figure I of that paper, we have obtained the total mass of such material of all sizes 

that will strike our satellite: 

2 X 10- 16 g cm - 2 sec -I 

The total surface area of a sphere of 22-cm radius is 6080 cm 
2

, so the rate of impact

ing- meteoritic material will be 

-12 -1 
.1. 2 X 10 g sec 

If we :1ssume the average velocity of meteoritic particles is 20 f<in sec -I and that all 

p:niiclcs that impact on the satellite are absorbed, then the total momentum of the 

pa rtklc:-; will be transferred to the satellite. Thus, 

d -6 -2 ill (mv) = 2.4X 10 g cm sec 
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Fm tl 1e f;afc ll He m:-iss of 680,0 00 g , 

-12 -2 
a = 3. G X J O cm sec 

The estimate of meteoritic impact rates shoul<.l Le reliable to within a factor of 2; 

furlhcrrnore, meteoritic partfoles will nctually strike the spacecraft from all direc

tions, so that momentum contributions will tend to cancel, reducing the above estimate. 

It appears that meteoritic impact will not have a significant effect on the satellite orbit. 

There is, of course, the remote possibility that n large particle will strike the satellite. 

The probabilities for such events are quite low, being less than 1 impact per 3000 yr 

for 1-mg micrometeorites and 1 impact per 108 yr for particles with a mass of I g. 
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5. SATELLITE DESIGN 

G. l Si zc: ~md Shape 

.-\s noted earlier in this report, LAGEOS must be sphe1ical in order to provide 

the isotropy required for accurate modeling of photon pressure and for accurate laser 

r:inging. 

Tl1e dimensions of the satellite must be adjusted to satisfy several competing 

c1itcria: 

A. Minimum size to attain the greatest possible mass-to-area ratio compatible 

\\ith the given l:nmch-vehicle payload-weight capacity. 

B. 1\Iinimwn size to reduce errors in range observations that result from finite 

satellite geometry. 

C. La:rge enough size that the resulting satellite density can be realized with 

actu ~1I and available materials. 
. . 

D. Large enough size to accommodate the required array of retroreflectors. 

E. Large enough si:;,;e to be detected by cameras with a large field of view for 

init: :tl or sul.Jset1ucnt orbit acquistion . 

.-\ careful analysis of these criteria has been completed under this study grant; 

we cnnclucle that crite1ia D and E are satisfied for a spherical satellite having the 

rn :1ximum density that can be practically realized, viz., one that satisfies criterion 

C. This coniig1.1rntion obviously results in dimensions that provide the best attainable 

response to criteria A and B. 

;-

T11Cse analyses arc discussed in detail in the remainder of this report. 

~- 2 Ca mera VisibHHy 

The: c ffectivc field of view of present laser systems is quite restricted, typically 

to a nwximum of G or 10 mrad. In some systems, an auxiliary telescope is provided 
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;,~; ·., Yis,1:11 :1cqui s ition :iid to circumvent the aiming problem that results from 1he 

H;11Tnw ril'ld <•f vi<.:w of the 1:-i::;er. However, Li\ .GEOS will bC' too faint an object for 

llH ':, <~ ld 1'~:cnp(•s i( it:; dimensions arc kept ::;mull en ough to s:1tisfy the other require

ment.:;. 

'.l'Jn1s, we p 1·opnsc that initial orbit acquisition be accomplished with the existing · 

11<ilwo1·k uf H:1kcr-Nun n cameras, which were expressly designed for such ta sk s. The 

:tlong--tr;1ck field of view of these cameras is 30° ("' 500 mrad), and their sensitivity 

is vc1y high bcc:1use they "track" at satellite rates and can thus use long e}>.--posure 

time s to build up n faint satellite image. This approach has the advant?-ge that no 

instrument ation of any kind is needed on the satellite. It is only necessary that we 

provide a good rcllcctive surface on the approximately 50% of the sphere that cannot, 

in :my even t, be covered with laser retroreflectors. 

With a diffusely reflecting aluminum coating over 58. 7% of its surface, we calculate 

an apparent magrutude (including atmospheric absorption) for the reflected sunlight 

from L.t\GEOS to be 12. 96 at an elevation angle of 45°. This should produce marginally 

us:1ble Daker-Nunn images for an e}>.--posure time of O. 8 sec. Since LAGEOS will have 
. -1 

a rn.Lher slow angular rate as seen from the camera, 350 arcsec sec , much longer 

exposure times can be used - e.g., 3. 2 sec - to produce good images. 

To verify our calculations, we tested the Baker-Nunn sensitivity by photograpltl:p.g 

Vanguards l a.nd 2. Good images were obtained for the latter with exposure times of 

0. 8 sec and less. Comparing one observation at a range of 3. 4o' Mm for the 26-cni

radius Vnnguard 2 with a similar LAGEOS observation at a range of 4. 5 Mm, we find 

that equivalent images would be obtained for LAGEOS with an exposu re time of l. 88 

sec. Th e fainter Val\:,auard 1 (with a radius of 8 cm) was successfully photograpl1ed at 

exposure times up to 30 sec. Since the apparent angular rates of LAGEOS and 

V:mguar d l are comparable, the LAGEOS exposure times can also be of a similar 

duration. We conclude that the 22-cm radius of LAGEOS is sufficiently large for 

routine observation of the satellite with Baker-Nunn cameras. 
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~ :i. ::. J Configuration 

The requirements for the retroreflector array are that it must reflect enough 

enurr;i;y into n telescope collocated with a laser transmitter to allow accurate range 

mca ·s11rcments, that these range measurements can be accurately related to the 

LAGEOS center of mass, that both amplitude ancl range accuracy requirements should 

he satisfied for all LAGEOS aspect or viewing angles, and that these properties should 

be st:lble for an extended life in orbit. 

Perhaps the first question to be answered in designing the array is whether we 

shoul<l use a small number of cube corners arranged so that only one element at a 

tjme produces rctroreflection, thus eliminating complications that result from having 

some larger number of coherent reflections. However, unless the cube corners are 

hollow and the vertex of each cube-comer retroreflector is placed at the LAGEOS 

center of mass, the difference in range between the retroreflector and the center of 

mass will be a fu~ction of aspect angle. For a satellite with the dimensions of 

LAGEOS, this range difference will produce a systematic range error that exceeds 

our ~1ecuracy requirement and cannot be corrected unless some means is provided 

for clelermining unambiguously the satellite aspect angle. Furthermore, if this range 

error is eliminated by placing the vertex of each hollow cube corner at the satellite 

cenlcr of mass, too much of the spacecraft voltune will be occupied with cube corners, 

and we caru1ot in any practical way meet the required mass-to-area ratio or (c-ross

section) isotropy for surfac e-force modeling. 

We conclude that the LAGEOS retroreflcctor array must consist of a "large" 

number of reflecting elements, where "large" is the minimum muri.ber needed to 

control y:n:iations in observed range with aspect angle. These variations have been 

c~dcubtec.l for arrays of different numbers of cube corners distrl'f>uted uniformly over 

U1c LAGEOS sphe1i cal surface. The result has been the selection of an array of 

2·10 cube corners; this number yields a maximum :variation in observed range as a 

function of aspect angle of 1. 2 mm and yet is from the standpoint of cost and manufac

tu ri n~ complexity. 
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. :, . ·:: .. 2 Cu1'ic-c:ori1cr design 

} ~ct ro n::Dector T~. A basic deci s ion for I.AGEOS was between an open or a 

~ol irl rdro reflector. We have chosen the hitter for the following reasons: 

J\. The sl.:lic of Lhe art in the fah1ication of so lid rctrorenectors is well adv~mced -

cc d ::inly beyond the requirements for LACEOS. On the other h:md, mrumfacLuring 

1 t:c·hn iques of open retroreilectors of the quality and precision required have not yet 

been (:sl:lblisliccl. There is some evidence, however, of progress toward this goal, 

by Jlle:ms of replication hy clcctroforming processes, which seems to be the only 

pr;ic1 i<.:~tl means of making hollow cube corners at this time. 

H. There is a serious question as to the long-term mechanical stability of 

clcctroformed cube corners, and until experience shows otherwise, we must assume 

that tl1cy may not be able to maintain their figure to optical tolerances over a pe1iod 

of a decade or more, particularly when built up to the larger thicknesses needed to 

rn cct mechanical ,tnd thermal requirements. In contrast, years of eJs.J)erience have 

pro,·ed that optical elements made from high-grade fused silica are notable for their 

long-term st:i.bility, and we can be completely confident that cube corners made from 

this material will retain their optical properties over many years in orbit. 

C. The primary advantage of a hollow cube corn.er - the absence of any problem 

wilh llienn,tl gradients distorting the rctroreflector beam patterns - is not of critical 

importance for LAGEOS. The thermal analysis described in Appendix A and analysis 

of the array transfer function together indicate that thermal gradients in a properly 

designed solid cube corner will not cause significant range errors in the case of 

LJ\GEOS. 

Cube-Corner Aperture Shape. Early LAGEOS concepts utilized triangular-aperture, 

solid retrorcflcctors because of their retroreflection characteristics at high-incidence 

~mglcs :i.re better than those of hexagonal or circular aperture. However, this advan

t:tgc is now consiclcrecl to be more than offset by the problems a~sociated ,vith the actual 

mounting of these triangular retroreflectors - such as aperture shadowing, mechanical 

distorUon, :mcl difficult thermal control - as well as by the greater difficulty in 

fahrkation :md hence higher cost per aperture area. Consequently, the triangular 

:-ipcrturc k1s licen discarded. 
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· ur Ll1c otl1c r two J>08Sibilitics, hexagon;1l :me! circular , we ha\'e sclectccl the latter 

·_ • · :1~ best for LAGEOS. Although some advantage may be gained in a larger tota l aper

tu re area if the hexagonal shape is used, this consideration is offset by 1.he supe rior 

mountin~ that can be employed with a circular front face. The cube-corner-mounting 

prnli\cm was examined in detail by A. D. Litt~, Inc., rluring the design of the Apollo 

Jun:u retroreflcctor array (A. D. Little, 1969). They concluded that a mountin g using 

a thre:ulcd retainer was best. We agree with this evalmttion and have therefor e 

dC'cicled on circular front-face cube c orne rs. Indeed, the LAGEOS cube corner and 

mounting now proposed are essentially the same as those for the lunar retrorcflector 

arr:-iys, so a significant amount of eA'})erience, analysis, and design data can be 

utilized in the LAGEOS program • 

Retroreflector Size. To provide adequate clearance for mounting, a practical 

! m:1ximum of about one-half the spherical surface can be devoted to an active retro-
·! 

reflector area. Within this constraint, the size of the individual r e troreflectors is 

de .termined by the total number of them (240) and the reflecting area required. 

Accordingly, the diameter of the aperture has been set at 3. 65 cm (l. 438 inches). 

H.ctroreflector Material. The material to be used for the retroreflectors must 

be optically homogeneous, have good optical transmissibility in the visible spectrum, 

and possess high long-term mechanical and thermal stability. Further important 

requirements are properties such as low coefficient of thermal expansion; adequate 

workability; high resistance to moisture and to chemical, radiational, and thermal 

degr:1c1ation; low coefficient of refractive-index change with temper ature; and ready 

ayaibbility at reasonable cost. Candidate materials include traditional optical glasses, 

tl1c new tailored optical materials, and natural materials like quartz and sapphire; of 

tl1cse, one material - synthetic, fused silica - best meets all the r equi rements. This 

material, in fact, has been used for all the laser retroreflectors now in orbit or on 

the moon. 

A number of g-rades of fused silica are av[1ilable from the several manufacturers 

of s uch optical m::iterial. The grades differ i.n chemical purity and optica l clarity, 

both impc:>rtant factors. Low chemical purity causes changes in color and trans

p:n c ncy on C:>,,-posurc to ultraviolet and other radiation, so we must select the purist 

fused silica reasonably available in order to minimize long-tenn degradation due to 

1·ad i a ti on. c>..-posu re. 
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' ' 
· 1\ll oplic.:al m~terials have inherent internal inhomogcneiUcs a.nd minute inclusion s 

_ ·such :,s sl r :i.iae, hub bie s, :i.nd seeds. These re sult in a dist ortion of the wa.vcfront of 

the inc ident la se r beam .1s it pr ogr ess e s thro ugh th e retrorefl cctor. 

T]1c LAGEOS spec ific ation calls for the same type of fused silica that was used · 

for th e Apollo rotr ore fl cctor arrays and that is to be used for GEOS C. This selection 

is ju·dgcd t o be ,1cceptab le in terms of cost, availability, and optical performance. 

nctror c O.cctor Geo metry. A theoretically perfect retroreflector has three reflec

iiYc surfaces :incl an ent r ance face, all perfectly flat; the dihedral angles between each 

p :1ir or reflccti\·e face ::; arc ex.a.ct; and the angles each reflecti ve face makes with the 

cntr:-i.nce face are ::ill equal. The actual retroreflectors depart from perfect geometry: 

Tl,c rc hnn beam may deviate in direction, or it may have greater divergence from 

or differ in energy distribution or symmetry; more likely, the beam will contain some 

corn bi nation of all these effects. Past experience with precision retror eflectors, 

pa.rtJCLtlarly tho se used in the lunar retroreflector arrays and the GEOS satellites, 

h:is shown th:-i.t present fab1ication techniques can provide, at r easonable costs, retro

reile ctors with geometric accuracy sufficiently close to the perfect case that no signi

fic ~mt performance degradation occurs. 

In order to provide measurable echo signal strengths, the retroreflectors must 

reifoct the incident pulses into an eAircmely narrow beam along the line of si ght back 

to the laser station. If the retroreflector beamwidth is too narrow, however, the 

:rngul ;u displa.c<:rncnt (of the rctrorcflected beam) caused by velocity aberration will 

prcn ~nt the echo from entering the receiving telescope. The velocity aberration for · 

t11c LAGEOS orbit will ra nge from 26 to 42 µrad for various satellite-ground-station 

gco .ine l rics. 

The LAGEOS retroreflectors will have a circular front-face aperture 3. 65 cm 

in cli:1mcter. A dil1edral irngle offset by 1. 75 ± O. 5 arcsec will p~duce the desired 

heam wirllh. We h:ivc computed the retroreflectcd beam pattern for fused-quartz 

cul ,c: corners of th i s configuration. The result is shown in Figure l. 

Diffraction will cause the beam pattern to broaden as the angle of incidence 

depart s from the normal to the front face of the retroreflcctor, thereby reducing the 
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Figure 1. Beam pattern at normal incidence for an uncoated cube corner with a circular aperture 3. 65 cm in 
diameter. Dihedral angle is 8. 5 µrad (1. 57 arcsec) from 90°. Beam angles are given in microradians 
Wavelength is 6943 A (ruby laser) . 
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. · .. " reflectivity. This effect is jn addition to the (geometric) reduction of the effective 

~ -~ ~ _ aperture area with increasing incidence a.l1gle. Figure 2 plots the effective reflectivity 

of a LAGEOS cube corner as a function of incidence angle. 
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Figure 2. 
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Reflectivity versus angle of incidence for an uncoated fused-silica cube 
corner with a circular aperture 3. G5 cm in diameter and dihedral angles 
of !)0° + 1. 75 arcsec. The reflectivities are for a beam angle e of 36-µrad, 
corresponding to a typical value of velocity aberrati on for the LAGEOS 
orbit. The reflectivity is the average for all azimuthal angles {taken 
around the normal to the front face). ;,.. · 
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As discussed above, the reflected beam must be tailored to match the velocity 

aberr:ition a sso ciated with the acb.lal orbit of the satellite. Accordingly, the energy 

distril:mtion in the reflected beam must be optimized within a symmetrical conical 
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,· .:" ·z011C' co:L'<lal with the incident beam. The half-angles of this conical zone for the 
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prclli ct eel sat ellitc orbit are 30 to 40 µracl, and it is desirable thnt the distribution be . 

most clcnse at the greater angle. 

The best method to tailor the reflected beam to this requirement is to make the 
• > • . ' 

dihedral angles for all three reflecting surfaces 90° + (1. 75 ± O. 5) arcse :c. 

. >· 

A rctroreflector tailored to produce a specific energy-distribution patt~:r;n in the 

reflected beam as described above must still adhere closely to th~ perfec(~tr'o .:refle6-
. . . . . . , ~ . ~ ;" 

tor geometry in all other respects; i.e., the reflective and entrance faces ID;USt~ an· 
be flat, and the angles between each reflective face and the entrance fa~e mu_st be , · 

equal. Deviations from these geometric ideals will alter the energy-distribution . 

pattern of the reflected beam. Consequently, the cube-corner specification calls for 

dihedral angles _acc~rate t~ \~ithfu O. 50 arc sec and surface flatness to within >J~o 
(both tolerances are identical to those for GEOS C). 

Retroreflector Coating. Two distinct and separate decisions on coating must be 

made for the LAGEOS retroreflectors: 

A. Should the reflective faces be coated, and if so, what type of coating should 

be applied? 

B. Should the entrance face be coated? 

RclatiYe to the first, a solid retroreflector . with no coating reflection. However, 

retrorcflection is restricted to cases '\vhere the incidence angle at any on~ face of the 

ray as it passes through the retroreflector is within the internal reflection angle for 

that mate1ial. This limits the incidence angle of the incident beam for which retro

reflection will occur; for fused silica, this angle ranges from 16~9 to 57~4, depending 

on the azimuth angle of the incident beam. 

ti· 

If the faces have a reflective coating (usually metallic), the ray, as it passes 

th rough the rctrorcflector, will be reflected at each face regardless of its incidence 

;:inglc. Accordingly, retroreflection is obtained over a larger angle of the incident 

beam. This angle is 57~4 for a fused-silica retroreflector with a circular entrance 
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face or ·ap ertur c an d is indep endent 6f tho azitn uth ang le of the in cident be~. Thus, 

. n r efl e ct ive co~t ing enh ance s r et r ore il ecti on at la rger i11e;idence an~lcs., al' irnpo rt;m t 

facto r for pl anar a rr ay s that can be viewed at inc idenc e ang les fa r fro m no rm al 

incidence. 

However, a spheric al array will always be vi e.wed with some number of cube 

corners at near nonnal incide nce. In addition, total° in te rnal refl ectio n- when it 

does take pbce - is quite literally almost total, while re flection fro m a m etallic 

coating suffers some loss. For aluminum coatings, the reflect ance at the ruby wave-
. . . . . . 

length (G943 A) is O. 897; and since every retrorefl ection r equires a li gbt beam to be 

reflected from all three cube-corner reflecting surfaces, the effecti ve reflectance is 

(0. 897) 3, or O. 722. We have calculated the actual return-pulse am plih1des for the 

LAGEOS array for both cases, coated and uncoated; the results are r eflectances 

equivalent to 12. 89 ~nd 7. 42 cube corners at normal incidence, ·without losses. With 

a reflectance of 0. 722 for the coated case, the numbers are 9. 30 and 7. 42 - or echo . 

strengths in the ratio of 5:4 for the coated and uncoated cases, respectively. 

This difference in echo strengths i s not critical, because the LAGEOS return

pulse amplitudes for contemporary laser systems are sufficient in either case. 

Therefore, the LAGEOS specifications call for uncoated retroreflectors. This sim- :' 

plifies the fab1ication of the cube corners and completely eliminates ~y question as 

to the adherence of the reflective coatings after some years in orbit. The latter 

concern is not significant in terms of loss of echo strength, but it is very significant 

in terms of rnnge accuracy, since any degradation in reflectance th at is not uniform 

over the array can effectively change the array transfer function so that it varies sys

tematically with aspect angle. This, in turn, could introduce significant ·systematic 

err.ors into the r ange observations. 

The s econd area for coating considerations is the retroreflect or entan ce face. 

An antireflection coating on this face could increase the overall .intensity of the 

retlectcd beam by reducing the loss due to reflection as the incident beam strikes the 

entrance face. This increase in efficiency is small, however. Such coatings are 

w:n ·elcngth-s ens iti ve and cannot be designed to be effective for all possible future 

laser wavelengths. Furthermore, the wavelength at which these coatings are effective 
'.:J 
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is _:, fnnclion of the angle of incidence, whit:!, is obviously incompatible wi.th the fact 

th :d 1,1\CEOS 11:is no com,lnnt ~rncl unique incillcnco angle for the jncident pulses. 

Sincu there is a possibility that direct C}..1)0SUre to solar nnd other radiation might · '· 
- . . . . ~ :,: ~ ... 

in time sc1iously degrade such a coating and hence reduce its transmissibility, the ··· 
. . . . . r.. \. ~. :~f ~ : 

prob ability is high that the small gain in efficiency will be more than offset by a_ pote~.: ..:,. 
~ J, • ,: 

ti~lly larger loss in efficiency , and, as in the case of the reflective coatings, could · .('i. 

introduce system ati c range errors. 

... 5. 3. 3 Transfer function ' 

With such an array, the echo signal arriving at the photoreceiver will be the 

vector sum of the mutually coherent retroreflected pulses from a number of individual 

retroreflectors. In order to calculate the range to the satellite center of mass, we · 

must fashion a transfer function that relates the time of arrival of this observed echo 

to the center-of-mass range. This transfer function must be synthesized from the ,, 

geometry and the reflecting characteristics of the individual reflectors. It will be . 

shown that the transfer function for LAGEOS is a constant range increment that i_s 

sjmply added to each observation. 

The transfer function must take into account the geometric location of each cube ... 

corner relative to the satellite center of mass, the incidence angle of the laser beam 

for e~ch cube corner, the beam pattern of each cube corner, and the relative phases 

of the individual return pulses from the cube corners. It is essential that the transfer 

function not vary significantly with satellite aspect angle, and we must configure the 

retro reflector array to ensure that this condition is met to sufficient accuracy. 
:, .·, , .. 

.• , :r 

.. 
At satellite ranges and over the small area of a retroreflector array, lase~ pulses 

incid ent on a satellite have essentially plane wavefronts; i. c., the incident light is 

coherent oycr the dimensions of the array. This fact must be considered when the ,,. 
cbaracte1istics of the echo pulse are calculated, because the resulting interference 

effects produce significant changes in shape and large changes in amplitude of the ,: 

rcccivetl pulses. We have performed detailed calculations of the retroreflected pulses 

from LAGEOS, and the ;results are presented below. First, we give a rather: simpli- . 

fic<.l description of the ~flection process, in order to elucidate the characteristics of 
the LAGE OS array. 
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We :1s sume the lns<'r light is rnonochr om :itic and omit all factors oommotl to the 

rc ll ectc d signal from all the cube corn e rs, su ch a s r an~e atte ntuation an d pul ~e 

energy . The se co nditi ons will not li m it the genernli ty of our conclusions , bu t wi ll 

simplify the discussion, 

Under these assumptions we can let the pulse from the laser be repres ented by 

the ·vector 

(1) 

whore xis the direction of propagation, the function g[t'- (x/c)] represents the 

envelope of the pulse, and exp iw [t - (x/c}] represents the (optical) oscillatJons within 

the pulse. If tho distance from the laser to the s atellite center of mass (CM) and back 

. to the photoreceiver is S, then the range to the /h cube corner and back will be S - 2d. 
. . l 

(see Figure 3). If two retroreflectors i and j return echoes to the receiver, the 

received signal will be the vector sum of 

(2) 

and 

(3) 

where a. is a co e fficient dependent on the effective reflectivity of the ith cube corner. 
1 . . 

The int ensity of the resultant will be 

2 - . 
I= lu. + u. I 

1 J (4) 

2 2 2 2 = a. g. + a. g. + 2a. a. g. g. cos e 
11 JJ lJlJ 

(5) 

. whe r e the phas e angle e is 

(6) 

(7) -
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l · :J'11e first two terms on the right side of equation (5) for I represent the resultant of 

· ·i\v o incoherent pulses, and the third is the interference bedwccn two coherent pulses. 

- --- . . .. ,, 
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I 
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I 
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Figure 3. 

•~~~~ LASER PULSE 

•. 
,:.•._. 

/ Figure 4 shows the time history _of the echo signal as it arrives at the receiver. 

I The pulse at time tCM is the pulse that would be received from a point reflector at · 

/ the satellite center of mass, and the pulses at t. and t. ar~ those from the ith and jth 
. l J . 

I 
' I 
I 

I 
! 
I 

I 
I 

I 

I 

:,J 
: J 

' 

cube corners. It is tCM we wish to know since we need it to calculate the range to 

the sa tellite center of mass. However, it is the composite resultant of the pulse _s at 

t. and t. that we can observe. Thus, we must determine the relationship between the 
l J . . ' 

observed times of arrival of the composite pulses and the corresponding values of 

tCM. We must then examine the influence of the satellite configuration on this 

relation ship, or transfer function, and then adopt a configuration that results in a 

transfer function of acceptable accuracy and stability. . , : 

The intensity of the ·composite pulse will be a~ g~ in the tinw interval AB and 

a; gf in the int erv al CD; but in the overlap (interf~n;nce) region BC, the intensity 

must be calcul::ited by ~lsing all terms in the equation for I above. 
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Figure 4. Time history of the echo signal . 

. 
It is app:n-e nt that t~e phase angle e is very sensitive to the difference in relative 

range to the hvo cube corners, since the intensity in the overlap region of the received 

pulse will change from a minimum (destructive interference) to a maximum (const1uc

frrn interference) for a change ind. - d. of only a quarter-wavelength of the laser light. 
-4 l J ' ; 

(For R ruby laser, ).../4 ,.., 2 X 10 mm.) As a practical matter, we must therefore 
. . 

consider the phase angle a to be indeterminate and must expect that the shape, ampli-. 
tude, and centroid will fluctuate from pulse to pulse as a result of this interference. 

The relationship of the centroid of the received composite pulse to tCM is also 

a function of d. and d. through their direct influence on t. and t., although this effect 
l J l J . 

is much less sensitive to changes ind. and d. than is the ·phase . The cube-corner 
. . l . J 

reflectivities influence ·the composite pulse shape through the coefficients ai' and 

thus also affect the 1-elationship between the pulse centroid and the satellite center of . . 

mass. 
. ~ . 

In order to a,·oid any requirement for imowing the distances d. for every laser 
l 

obserYation, and therefore the LAGEOS orientation, the satellite will be uniformly 

c r,\·crecl with a sufficient number of cube con1ers that the observed time of .arrival 

of tbc rccehed-pulsc centroid, when averaged over some reasonabfe number of meas

urem ents, can be related to tCM with an accuracy of 3 mm for any combination of 

aspf'ct angle s. 

.-\ reflected pulse will have contributions from all the cube co~ers on the shaded 

sphc:cical se gment shown ·in Figure 5, where cp is the cutoff angle for the specific 
C , 
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• 1·~ cubc-co1110r dcsi;c,11 l1S'3,1. For an tmco ntec'l solid fused-silica cube corner with a 

circular ~pcrturc, t~c = 57?15, so the acti.vc cnbe coiners will be distributed in range 

(the t ot :11 vrnia t ion u[ th 0 d .) over h == 10. 2 cm for the 22-cm r [1dius of LAGE OS. 
l 

Usinp; tho spe ci fied LA.G.EOS cub e-corner characteristics, we have calcuJnted the 
" 

rn ~gnitudcs of the contiibutions (omitting interference effects) to the reflected signal 

from spheri cal :=;cgmcnts with .6.h == O. 5 cm. The result is shown in Figure _6. Some 

55 of the 240 cubo corners are "active," and the effective reflectivity is equivalent 

to 7. 4 cube co rners at normal incidence. 

INCIDENT 

BEAM 

Fjgurc 5. The shaded area is the spherical segment where the "active" cube corners 
are loc fi.ted when q> is the cube-corner cutoff angle. 

C 

If we e1\.1:end the equa tions for two retroreflectors to the case of n retroreflectors , 
the intensity of the reflected pulse will be the square of the vect6r sum of the individual 

echoes from each active retroreflector, 

==I: 
i 

2 2 
a. g. + 

1 l I: 
i, j 

a. g. a . g. cos e .. 
1 l J J lJ 
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Figure 6. Effecti\ ·e reflectivity of segment:=; of the LAGEOS retrore.flector array 
yersus the distance d from the center of mass. The 'fiistogram is the 
average over results computed for several aspect angles and for inco
herent light; i.e., interference effects have been omitted. It is .of intl?rest 
to note that 57% of the total retun1 is from the first centimeter, ·and 90% .. · 
from the first 3 cm of the sphere. 
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·' · where the phase angle 0 .. is 
lJ 

- J (d1-d·) 
Oij - 4rr X. • (10) 

Thi s equation can be used to co:ri1pute the intensity as a functi on of time - i.e., the 

pulse shape - for the signal received from a specified retroreflector array once the 

geometry of the array and the reflecting characteris ti cs of the retroreflectors are 

determined. It is then possible to compute the relationship between the time of recep

tion of a pulse centroid and the range to the satellite center of mass. Since there will 

be no feasible way to determine the phase angle 8 .. when LAGEOS is in orbit, this 
lJ 

relationship must be treated statistically. Further, since the orientation of LAGE OS 

will not be known, variations with satellite aspect of the pulse-centroid/ center-of

rnass relationship must also be described in statistical terms. This circumstance 

is quite acceptable if the statistical variations have a stable and well-defined mean and 

if tl1e variations converge to this mean value to within our accuracy requirements for 

a reasonably small number of observations (e.g., the number of returns that can be 

acquired in one pass); Another question of import ance is how large are the fluctuations 

in received signal strength that are caused by interference effects. 

The terms in equation (9) containing cos e .. change from maximum to minimum 
lJ 

for au .aspect-angle change of the order of O. 5 arcsec. The sum in equation (9) over · 

terms lacking a cos 9 .. factor is, by design, insensitive to changes in aspect. Con-D . 
scquently, because the terms in cos eij must converge to_ zero for a sufficiently large .. ,. 

number of range measurements, the mean centroid location relative to the satellite 
,-, 

center of mass must be that calculated for the incoherent terms in equation(~), i.e., 

the first summation. For LAGEOS, this range correction is 15. 8 cm. 

-
' '. 

To verify the expected convergence of the range correction-to that for the incoher

<'nl . ca se, we have computed the amplitudes and centroid positions for a number of 

rctrorcflected pulses from LAGE OS, using incident laser pulses with gaussian shapes 

and different pulse widths. Since all values of phase angle (from Oto 2rr) arc equ::illy 

probable ·, values of 0 .. were obtained from a random-number generator. The aspect 
1) . • 

angle was also allowed to vary. The results are given in Table 4. It is apparent thnt 

38 



: 

I 
l· 

l 

' a ·-
~ 

I lie c·:,v ec.:tccl re sults are olJtain ec.l; therefore, the transfer function for LAGE OS is 

very s illlple - viz., the constant r ang e increment AR= 15. 8 cm is to be added to each 

r:rngc observation. 

T:i blc ,J. Difference between observed r:i.nges, by use of ccntroills, and r ::mge to the 
LAGEOS center of mass. (.6..R ) is the average of N trails by using coherent 
light, and the 1ms column shmJs the va1iation of Re for the N trials. ARi 
is the calculated result for incoherent light pulses; it is the value to which 
(.6..Ilc) should converge. 

Pulse N 
length 

(AR) rms (.6..R ) - AR. 
C scatter 

C I 

(nsec) (cm) (cm) (cm) 

20 100 16.03 2.3 0.23 

5 100 16.04 1.7 0.24 

2 100 15. 97 l. 8 o.·17 
1 625 15. 78 l. 4 -0.02 

0.2 100 15. 65 0.7 -0. 15 

lf care is taken to ensure that the cube corners are unifom1ly spaced over 

LAGE OS and that there are no systematic variations in, e.g., the cube-corner refl.ec

ti vities over the surface of the sphere, then the largest excursions - viz., those 

resulting from variations in 8 .. - will surely be uncorrelated from one return to the 
l] 

nexl because of the great sensitivity of e .. to minute changes in sateilite aspect angle. 
l] 

We have also computed the pulse-to-pulse variation in retroreflected-pulse 

intensity. The results are shown in Figure 7. It can be seen that a considerable 

vari:,tion in return-pulse intensity is to be e},,"Pected, in accord with our eA1)erience 

with the retrorcflcctor satellites now in orbit. This \vicle variation in echo amplitude 

will result in some loss of returns because the laser receiving 'equipment has a limited 

clyn~irnic range, which causes larger range errors at high ancl low signal levels. How

ever, with a reasonable equipment dynamic range of 30: 1, with a typical LAGE OS pass 

of 26-rnin duration (15° elevation limit), and with a 10-pprn rate, only 20 bf 260 pulses 

would be lost. Jl isa straightfonvard matter to design circuitry to reject pulses below 

a rniniunun or ::ibove a ma.'Cimum level. 

,.--
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Figure 7; Computed probability distribution of the intensity of LAGEOS retroreflected 
pulses. The histogram is normalized so that the intensity of an incoherent 
pulse is unity on the horizontal scale. 

We have calculated the intensity of the returns eA-pectecl from LAGEOS, using the 

median value on iJ1e histogram. The assumed laser characteristics are those that can 

he C:.\.l)ecLed of u good operational system at the time LAGEOS is launched: 
' 

Energy per pulse 1. 5 J .---;. S ~ ' 
Pulse width 

Laser-Learn radius 

·Receiving-telescope di ameter 

Photomultiplier-tube quantum efficiency 

Laser >-.. (ruby) 

40 
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1 nsec 

O. 5 arcmin 

50 cm 

10% 

6943 A 
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~ -Tlil' r c~;uJt:-; arc shown j1i T:1li1e S. The l:cst column lists the fluctu:1.tions in pulse .... . 

centroid contributed {&olcly) by the fact tbat the detected signal is comprised of a dis-

crete number of photoelectrons (Lehr et al., 1970). Although the recei\'ed signal 

strength can fluch 1ate to a considerable degree around the listed y,uues, 50% of the 

rctu111S being lar p:or n.nd 50% smaller, the munber of photoelectrons per pulse taken on 

a st.:1listic:1l bn~i ~ should be quite adequate. \Ve conclude that the proposed rctroreflec

t.or a rr:iy is quilc large enough to provide echo pulses of stlfficient amplitude to support 

the LJ\GEOS mis si on. 

Table 5. LAGEOS r eceived signal levels in photons per pulse S and photoelectrons 
per pulse N, as a function of elevation angle. T is the atmospheric trans
mission factor, and the values are for "good" seeing conditions. The quantity 
E is the error in measuring a single pulse centroid caused by the "graininess" 
of the detected signal as a result of its being composed of N discrete elec
trons. 

Elevation Range 
angle (Mm) T · S N E(N) 

10° 6.80 0.19 60 6 2.6 

15 6.35 0.32 230 23 1. 3 

20 5.95 0.42 520 52 0.90 

25 5.59 0.49 900 90 0:67 

30 5.27 0.55 1400 140 0.55 

45 4.53 0.66 3800 380 0.34 

60 4.06 0.71 6900 690 0.25 

75 3.80 0.73 9500 950 0.21 

90 3.72 0.74 10, 000 1000 0.20 
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